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Optimization Problems

e Find an input that minimizes (or maximizes) some function




Quantum Representation

e Costfunction, C(z), can be encoded as a hamiltonian, C
e Minimum of C(z) < Ground state of C

Clz) =C(2) |2)

.....



Adiabatic Evolution:
high-level overview

e Ideal: start with some other Hamiltonian where we do know the
ground state
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Adiabatic Evolution:
high-level overview

e Idea 2: interpolate between the two

H(t) = (1 —t)B + tC

e Trotter approximation allows us to implement the (approximate) time evolution operator

U(T) ~ o—tH(tn-1)At  —iH(t1)At  —iH(to)At

.....



H(t) = (1 —t)B +tC
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Potential worry: what if there are level crossings?

Eigenvalues of H(?)
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Perron-Frobenius theorem says there are no level crossings for
the ground state (under certain conditions)

Eigenvalues of H(?)
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QAOA Takes it one step further

e Execute the circuit many times and use classical optimization find
the best values of 8, y

Up(B) =e P, Uc(m) =e ",

V(B s(B)Uc(v) |+)®"

T E*@

.....
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Our Focus: Binary Integer

Lineaxr Programming V" ¢,

e Costfunctionis linearin z with integer coefficients

e Thez take values 0 orl MJ
e Subject to alinear constraint

$$ $$$ $

Zopt = arg min E Ci%;

S.t. E SiziZb
)

Zi € {0, 1} V1

ooooo
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Example: Aixplane Storage
O]
How do we get
QAOA to
optimize with
respecttoa

$$ $$$ $
constraint?

C’(z) = 221 + 329 + 23 /

S.t 21+ 29+ 23 =2

® LN\ e




Common Approach: Lagrange Multipliexs

To minimize this

Zopt = arg min E Ci%; o
~ - Instead minimize this

S.t. Zszzz =b __, () =C(2) = ¥ Xa (Zsa,z—zi—ba)
i a )

2; € {0’ 1 } VZ where /_are parameters to be &

\{ optimized classically

N @

—~



Common Approach: Lagrange Multipliexs

C(z) =C(z) — Z Xy (Z St = ba>

Issues:
e More complicated cost Hamiltonian
¢ Final outcome not guaranteed to satisfy the constraint
e More difficult to optimize 8, y
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Example: 1-layer QAOA for Max-cut

<C> for lambda = 0.0

= [N]

o
gamma

<C> for lambda = 1.0
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Altexnate Approach:
Restrict mixer to a subspace

e Indefault QAOA, B allows for transitions between all possible bitstrings

Feasible subspace:

S = span({|z) | s-z = b}) (

What if B preserved the subspace?

B(S®) c s®



Altexnate Approach:
Restrict mixer to a subspace

Intuition: if you start in the feasible subspace, you end in the feasible subspace

E(0)
EL0)

E/(0)
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Eigenvalues of H(t)
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How do we design a more general B?

¢ Instead, think of B as the sum of terms in a “Mixing Family”
o If the terms in the mixing family to preserve the subspace, then the sum will
as well
e Design goals:
o Needs to depend only on the constraint
o Should be easy to implement in terms of gates
o Still needs to guarantee QAOA convergence

BT = jEJBj



Mixing Family (QAOA - QAOA")

Definition I1.3. Mizing Family (adapted from Ref. [17])
Given a constrained optimization problem with a feasible solution space S, a family of Hamiltonians F = {B;}jcJ
18 called a mizing family if it satisfies:

Three conditions (on next slide)

Then, a theorem from Binkowski et al. ‘23 says that starting in the ground state of B*,
running QAOA with B* as the mixer converges to the optimal solution in the p — < limit

p

o =Ilusovcen 9™ BT =3 . B,

=1



So what are the conditions?
(a) Feasibility preservation: If |z) € S and |2') ¢ S, then (z| Bj|2’) =0 for each B;.

Each B, maps feasible states to feasible states

(b) Nonpositivity: The restriction of each B; to the solution subspace S, denoted B,|s, is component-wise nonpositive
in the computational basis.

All entries in the matrix of B, must be nonpositive

(c) Full mizing of solutions: The basis-state-transition graph with adjacency matriz i Bjl|s is connected.

Any two feasible states are connected by a sequence of 3, transitions

Binkowski et al. show that this is enough for Perron-Frobenius to kick in! /



Sanity check for standaxrd mixer:

Basis state interaction graph:

B=— Z X, N

L)
X =
1 0 1100) '

(a) Feasibility preservation: If |z) € S and |2') ¢ S, then (z| Bj |2") =0 for each B;.

(b) Nonpositivity: The restriction of each B; to the solution subspace S, denoted Bj|s, is component-wise nonpositis
in the computational basis.

(¢) Full mizing of solutions: The basis-state-transition graph with adjacency matriz i Bjls is
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Previous work: XY-Mixer

Wang et al. ‘20 designed the following mixer for QAOA*, which preserves Hamming
weight

1
BXY = —5 ZXzXJ -+ Y;Y} = Z |O’La 1J> <1270]| + |12703> <0’H 1J|
i< j i<j

Basis state interaction graph:

001) 101)

000
|o> |1oo>: >|010> llo.ﬂm |11‘1> )

Can we generalize this?



Table Notation

2.

Can use a table to represent a constraint

Rows are coefficients, columns are number of occurrences of a variable
Note: each row does not need to have the same number of columns
Index coefficient by the row/column where they appear in the table

L2y - | 2]

k [
k1 K2 051 2] < KSR 21 |- | el

k ZlkaA] | -« - | Rk,

.
NS L
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Table Notation Examples

“Base Constraint” - all constraints we consider contain it

1,1] | #[1,2]

21,1) + 2212,1) +323,1) + 4214,1) +025,1) + 211,2) ¢

U O DN =
r_lr_|l_hzlr—r_l
Nt
=,

L1175 12,175 033,175 114,115 015,15 12]> 4

U WO N =
O = Of k=] =

N



Table Notation Examples

“Repeated Sequential Constraint”

1

22—1 y:?—l KZ[w,1] € 2
3
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21,1 1,2] | #[1,3]
<12.1] | #[2,2] | #[2,3]
<13.1] | #[3,2] | #[3,3]

N«



Table Notation Examples

“Unstructured Constraint” - constraints can have many shapes and sizes

2[1,1] + 2[1,2] + 22)2,1) + 32(3,1) + 32[3,2] + 32(3,3) + 42[4,1) + 52]5,1) + 62[6,1) + 62[6,2]

S UL W N =

Z[1,1]

2[1,2]

2[2,1]

Z[3,1]

2[3,2]

2[3,3] |

Z[4,1]

Z[5,1]

Z16,1]

Z[6,2]




Building a Mixing Family
We will build the mixing family out of the following “Merge operators”:

M) =104, 044, - - 05,0, LisXLiy, Liy, - L, il |1y, Lig, - - i, 0 )04y, O, - - O, 1]

im’

where I = {iy,42,...9,,} is a set of qubits

Note: the I/l = 1, case is the same as the XY-Mixer

2 (XX, +YY;) =10;,15) (15, 04

operator My ;x | Pauli representation

Mo 27N ( XoXp + YoYs)
M{a,b},c 2_2(XaXch - Ya}/ch = YaXbYc Sk XaYbYc)
Mpera |272(XaXo X Xa— YoYoXcXa — Yo Xo Yo Xg — XoYoYeXa + Yo Xo X Yo+ XY XcYa + X Xo Yo Yy — Yo Y, Yo Y0)




Problem Restriction

e In this work, we only consider constraints where
o Each coefficient 1, ..., k appears at least once
o Coefficient 1 appears at least twice

Will see later that this is necessary for our design..
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Constraint-Presexving Operations (i)
211,1] + 2[1,2] T 22[2,1] + 3231

e Swapping two cells in the same row (think1=1)




Constraint-Presexving Operations (ii)
211,1] + 2[1,2] T 22[2,1] + 32[3,1]

e Shifting an element down one row at the cost of setting the [1,1] cell to zero (think 1+ 2 = 3)

111 % Iy 110 *
211 y {[1,1],[2,1]},[3,1]> 210 (
3

30 1

|
/

1(1) 4+ 1(%) +2(1) +3(0) = 1(0) + 1(*) +2(0) + 3(1)
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Constraint-Presexving Operationsj(iiiy
21,1] T 2[1,2] T 22[2,1] + 32[3,1

e Settwo ones to zero in exchange for a two (think 1+1=2)

1111 Iy 1{01]0
I PR R ) N NP
3 | * 3| * |

/

1(1) +1(1) 4-2(0) + 3(*) = 1(0) + 1(0) + 2(1) 4 3(%)
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Our mixing families

Fuin ={—Mcp, (w411t £ €11, ..., k}, 1€ {1,... 1, —1}} (1)
U {_M{[l,l],[n,l]},[n—i—l,l] K € {2, o k — 1}} (11)
U{—Mgpa 1),01,23, 12,11} (1i1)

We call this the “minimal mixing family” because this is (we will show) enough

Can also make a “maximal mixing family” by taking every possible term:

Fismze = 1~ MI('":*) el ... Nt VYm; I =4i1;: .« }s 84 G5 05 Zsz:sz}l
el



Theorem (main result)

Theorem III.1.

Let F be a set of Homiltonians such that F,,;, € F C Fazx -
Then, F is a mixing family.

Idea is that a user can choose how big to make their mixing family based on use case



Things to prove:

(a) Feasibility preservation: If |z) € S and |2') ¢ S, then (z| Bj|2’) =0 for each B;.

(b) Nonpositivity: The restriction of each B; to the solution subspace S, denoted B,|s, is component-wise nonpositive
in the computational basis.

(c) Full mizing of solutions: The basis-state-transition graph with adjacency matriz i Bjl|s is connected.

We only need to show this for minimal mixing family:
adding more mixers adds more edges! /



hn = W N

o L ] L] L ] L ] -]

Warmup 2 3 4 5

107 Y 221 T 2y T 2% T Ry T s T

6 Feasible Solutions:

O0+1+2+3+0+0=6
1+0+2+3+0+0=6
0+0+2+0+4+0=6
1+1+0+0+4+0=6
O0+1+0+0+0+5=6
1+0+0+0+0+5=6

Ly | a2

217

213,17

L1

50

PN T oS D ) =
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Warmup

1101

2 |1 1.

311 O0+1+2+3+0+0=6
410

510
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Warmup

1 2.
1 1+0+2+3+0+0=6

hn =~ W N
-

whn = W N
-
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Warmup

11 0 1100
2 |1 2 | 1 3.
M 1,11,[3,11},[4,1
3 01 LB B 0+0+2+0+4+0=6
40 4
5 0 5

/
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Warmup

2 [ 2 4.
M 1,11,[1,2]},[2,1
3 g U2 1+1+0+0+4+0=6
4 1 4
5 0 510
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Warmup

1 11 1 1101
2 0 210 5.
M 1,1].[4,1 5,1
3 0 ULILI 3] b 0 0+1+0+0+0+5=6
4 1 410
o s [

/
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Warmup

6.
1+0+0+0+0+5=6

o o O O

hn =~ W N
whn = W N
—_— O O | O




Lots of graphs!
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Let’s prove it's always connected!



Proof: by induction on N, number of variables

Base Case: N = 2 (coefficient 1 must appear twice)

Possible (non-empty) graphs, G*?:
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b=0 b=1 b=2

0]0 1|10 1|11
1101

b V.
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Proof: by induction on N, number of variables

Inductive Case: Suppose holds for N - 1 variable problems
Now consider some constraint with N variables:

1 | o | ¥

2 Z[2,1] Z[z, N
%

[3,

3 Zypy| o ]

k — ] Lk-11) .ee 2kt

k i | | L I ZN







Partition vertices based on the value of Zy

(N, b) _
vaD =y OV,




N-1 N1
zgizi:b Zsizi+k:b
=1 1=1

|
Connected! Connected!

Goal: find an edge
between them

~GN-1.0) =GIN-1b-k)



Two cases:

(1) Added to existing row: (2) Added to new row:

1 2o | | 2 1 Zug| |2

2 0| | 22 2 | | Y2
z Z

[3, [3,

3 2| - ] 3 Zyp| o ]

k — ] 21,1 Lkt k — ] 21,1 Lkt

k Zienp | o L. ZN k ZN




Case (1)

Lemma (informal): For any reasonable value of b, | can
choose any cell in the table and guarantee that there is a
feasible state where that cell is equal to one

I/ 1]0
2101
317110

Lemma C.4. Suppose we have a linearly constrained problem specified by (17). Suppose there are l,, variables with
coefficient k, and denote the lth one of these variables as z|.j. Consider a specific variable z(.+;4. Then, Vb with

BELhE Zﬁzl kl., 3|z) € V®) such that Zlex14 = L.
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Case (1)
Proof: by animation

b=3
1 0] O
2 10
311
410

o
|

3
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Case (1)
Proof: by animation

b=4
11 1]0
2 |0
311
410

1+3=4
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Case (1)
Proof: by animation

b=5
1 1] 1
210
311
410

1+1+3=5
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Case (1)
Proof: by animation

b=06
1 101
2 |1
311
410

1+2+3=6
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Case (1)
Proof: by animation

b="1
1 |1 |1
2 |1
311
410

l+1+2+3=7
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Case (1)
Proof: by animation

b=38
1 1 1]0
2 10
311
4 11

l1+3+4=28
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Case (1)
Proof: by animation

b=9
11111
210
3 |1
411

l+1+3+4=9



o L ] L] L ] L ] -]

Case (1)

Proof: by animation D10
101
2 |1
311
4 11

1+2+3+4=10
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Case (1)
Proof: by animation

b=11
1 1] 1
2 |1
3 |1
411

l+1+2+3+4=11



Case (1)

By the lemma, there is a vertex in G¥-"% where the blue cell =1

1 21,7

121 22

250 3,

o

Zp-1,1] 2t
1

L1y




Case (1)
This corresponds to a vertex in V, where the blue cell =1
(the image under the isomorphism GV — v )

1 | | Fe
2 Z[Z,I] Z[z, ]
Z
3,
3 T [
gl

k — I gy | e Lk,

k Zaap | o 1 0




Case (1)
Apply a swap operation




Case (2) is basically the same:

Another lemma gives us a vertexin G¥~'” =V and this time we apply a
merge opera




Remains to prove:
(a) Feasibility preservation: If |z) € S and |2') ¢ S, then (z| Bj|2’) =0 for each B;.
(b) Nonpositivity: The restriction of each B; to the solution subspace S, denoted B,|s, is component-wise nonpositive
in the computational basis.

(c) Full mizing of solutions: The basis-state-transition graph with adjacency matriz j Bjl|s is connected.
|
/ 7



Future directions:

More general constraints?
Multiple constraints at once?
Initial state preparation
Parameter selection
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Thank You!



Efficient Circuits:

Up(Bi) = e P

operator My ;« | Pauli representation
Ma,p 27N (X Xy + YouYs)
M{a,b},c 2—2(XaXch - Ya)/ch G YaXbYc = Xa}/;)Yc)

M{a,b,c},d 2_3(Xa,XchXd - YaanXd - YaXbichd - XaYbYch + YaXchYd ~+ XaYchYd + XaXbY'ch - YaY'bY'ch)

|z1) Rx(0)
|22> \) U
Rx,X5..xm(0) |z121 ... 2N)
|23) &b D
|zm) —b B

Figure 6: Quantum circuit diagram for an m-qubit simultaneous rotation gate about Pauli-X.

|
) ————— — /

|22)

Ry x50 (0) Rx,x5..v;.. x5 (0) |2122 . . . 2N)
20 Rz(3)

|zn)




