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Motivation

Original Motivation for Quantum Computers

“Nature isn't classical...and if you want to make a simulation of
Nature, you'd better make it quantum mechanical, and by golly it's
a wonderful problem, because it doesn't look so easy.” —Richard
Feynman, 1981
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Cost of Classical Computation

o Complexity scales exponentially in system size.
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Original Motivation for Quantum Computers

“Nature isn't classical...and if you want to make a simulation of
Nature, you'd better make it quantum mechanical, and by golly it's
a wonderful problem, because it doesn't look so easy.” —Richard

Feynman, 1981

Cost of Classical Computation

o Complexity scales exponentially in system size.

Applications
@ Simulate the dynamics of many body quantum systems

@ Subroutine in Quantum Algorithms
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Simulating Quantum Systems

Problem Statement

Given a k-local bounded Hamiltonian H = Z,-Lzl H;, find a
quantum circuit Ugj, that, for any n-qubit initial state [¢(0)),
produces an approximation |¢sim) of the final state

[(t)) = Un(t)[1(0)) up to € > 0:
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Simulating Quantum Systems

Problem Statement

Given a k-local bounded Hamiltonian H = Z,-Lzl H;, find a
quantum circuit Ugj, that, for any n-qubit initial state [¢(0)),
produces an approximation |¢sim) of the final state

[(t)) = Un(t)[1(0)) up to € > 0:

1(0)) G y () ~ [6(0)) Gl » [(8))

e [Un(2) [1(0)) — Usim(t) [1(0)) || = [[Un(t) — Usim(2)[| < €
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Time Independent Hamiltonian Simulation

o U(t) = e Ht = e T2 Hit
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Time Independent Hamiltonian Simulation

o U(t) = e Ht = e T2 Hit

Trotter-Lie-Suzuki Formula

e(A-{—B)t _ eAteBt + O(t2[A7 B])
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Time Independent Hamiltonian Simulation

o U(t) = e Mt = =i 2X;Ht

Trotter-Lie-Suzuki Formula

e(A+B)t _ eAteBt + O(t2[A7 B])

@ Iterate over trotter step: At =t/m

. . . 2 .
e~ iHt _ [elet/m]m _ [IJ—.Ief/Hjt/m]m + O(t P;/,V(n))
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Time Independent Hamiltonian Simulation

o U(t) = e Mt = =i 2X;Ht

Trotter-Lie-Suzuki Formula

e(A-‘r—B)t _ e,AteBt + (f)(t2[A7 B])

@ Iterate over trotter step: At =t/m

. . . 2 .
e~ iHt _ [elet/m]m _ [IJ—.Ief/Hjt/m]m + (,)(t PZIY(H))

Solovay Kitaev Theorem

Let U be a unitary map that acts non-trivially on k= O(1) qubits
and let M be an arbitrary finite universal set of one- and two-qubit
quantum gates. U acting on k=0(1) qubits can be approximated
to within € by a universal set S using O(log®(1/¢€)) one and two
qubit quantum gates from S, for some constant c.
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Each term e~ ™"it/m is a k-body unitary that can be efficiently

approximated using the Solovay Kitaev theorem.

Input vector Various gates (unitary
ops) in sequence

k-body k-body
gate 1 gate 2

—iHjt/m

Figure: Each e acts on k registers
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Time Dependent Hamiltonians

o H(t) =Y ;Hj(t) £U=—iH(t)U(t)

h(t)
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Time Dependent Hamiltonians

o H(t) =Y Hj(t) £U=—iH(t)U(t)
o U(t)=Texp{—i[H(t)dt'}
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Time Dependent Hamiltonians

o H(t) =Y Hj(t) £U=—iH(t)U(t)
o U(t)=Texp{—i[H(t)dt'}

@ Ignore time dependence on each time interval At
U(t) ~ ... x e HRAL) y o=iH(AL) o o=iH(0)
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Time Dependent Hamiltonians

o H(t) =Y Hj(t) £U=—iH(t)U(t)
o U(t)=Texp{—i[H(t)dt'}

t

@ Ignore time dependence on each time interval At
U(t) ~ ... x e HRAL) y o=iH(AL) o o=iH(0)

@ The error scales roughly as H%—';’HAt per time step.
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Time Dependent Hamiltonians

o H(t) =Y Hj(t) £U=—iH(t)U(t)
o U(t)=Texp{—i[H(t)dt'}

t

@ Ignore time dependence on each time interval At
U(t) ~ ... x e HRAL) y o=iH(AL) o o=iH(0)

@ The error scales roughly as H%—';’HAt per time step.
o Rapidly changing Hamiltonian requires At ~ ||0;H|| !
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Challenge

Number of unitaries depends on ||9;H|| =} == complexity grows
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Challenge

Number of unitaries depends on ||9;H|| =} == complexity grows

Product Formula for Time Dependent Hamiltonians?

Huyghebaert and Raedt(1990):

L LA t+At
HTe—lft Hl(t +Ha(t) Te_’ftjj Hl(t)T _’ff < C12(At)2
1 tj—‘rAt v
where | c1p = (At)2/ dV/ dul|[H1(u), H2(V)]]| < Cr%ax/2
£ £

with cmax = max; maxx || H;(t)||
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Recursion: from 2 termed to L termed Hamiltonian

e For H= Zjl-‘zl H; where Lepoly(n) where each term is a
k-local, iterate the procedure log, L times.

H

L terms (level 0)

AN

L/2 terms L/2 terms
Level1 Level1
L/4terms L/4terms L/4terms L/4terms

Level 2 Level 2 Level 2 Level 2

Level m (general)
2”m nodes, each with L/2"m terms

Level log.L (leaves)
L nodes, each with 1 term
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Counting Gates

max

1
Total error < §c2 (At)?L2

This can be made arbitrarily small by choosing
At ~ (#qubits)®.
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Counting Gates

At)?1?

max(

1
Total error < 2c

This can be made arbitrarily small by choosing
At ~ (#qubits)®.

@ Approximate time evolution for time T with a product of
k-body unitaries such that total error is < €/2.

€
At =
Tc2 [2

max
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Counting Gates

e Total number of k-body Gates G(e, T)

T _Lerq

Gle,T) = Ly = ————"=
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Counting Gates

e Total number of k-body Gates G(e, T)

T _Lerq

Gle,T) = Ly = ————"=

@ Using Solovay Kitaev to approximate the complete time
evolution with an error €, we need total gates Giot:

Giot(€, T) = dsk G(e, T) log®<(G(e, T)/€)

® Got(e, T) ~ poly(# qubits, T)
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Time Dependent Hamiltonian Simulation

Time Interval At

Te{—ifoT Hj(t’)dt’} _ Te{—ffrtm Hj(t’)dt’} . Te{ t’)dt’}
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Time Dependent Hamiltonian Simulation

Time Interval At

Te{—ifoT Hj(t’)dt’} _ Te{—ffrtm Hj(t’)dt’} . Te{ t’)clt’}

Remove Time Order

. rAt ’ / s PAt gy ’
R N b L PPN
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Time Dependent Hamiltonian Simulation

Time Interval At

Te{—ifoT Hi(t)dt'} _ Te{—ffrTfm Hi(t')de' | v« Te{—ifom Hi(t')de' |

Remove Time Order

. rAt IN gt P AN VAT
R N b L PPN

Monte-Carlo Randomized Sampling

JEEH () dt — L™ Hy(t,)

At||

T

Jil

For t, < (0, At): <

3
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Time Dependent Hamiltonian Simulation

Time Interval At
Te{—ifoT Hj(t’)dt’} _ Te{—ffrTfm Hj(t’)dt’} . Te{ t')dt'}

Remove Time Order

. rAt ’ / s PAt gy ’
R N b L PPN
Monte-Carlo Randomized Sampling

Hj(t)dt' — 5 370 Hj(ta)

B

<

1
g S.
' 3
|
¢

For t, < (0,

3

Trotter Decomposition

AN - A 2 .
l|e=m 2 Hilt) Mje=m Hi®)|| < w
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Physical States

@ Hilbert Space is big.
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Physical States

@ Hilbert Space is big.
@ Physical States seem to occupy a tiny volume.
e They admit compact representations, unlike generic states in
Hilbert Space.

Proposed Definition: Physical State

A state that can be reached in polynomial time, starting from a
fiducial state (e.g. spin all up), under arbitrary local
time-dependent Hamiltonian.
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Counting Physical States

Corollary: A Counting Argument

Vol(physical states) ~ #poly-size quantum circuits x Vol(e-ball).
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Counting Physical States

Corollary: A Counting Argument

Vol(physical states) ~ #poly-size quantum circuits x Vol(e-ball).

l‘() W> Ws? |1I£> IMQ

DDOQQ

m...-«;m,-

Figure: Each circuit
corresponds to a distinct
output physical state,
each shown here with an
e-ball around
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Counting Physical States

Corollary: A Counting Argument

Vol(physical states) ~ #poly-size quantum circuits x Vol(e-ball).
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Figure: Each circuit

corresponds to a distinct

output physical state,

each shown here with an

e-ball around Figure: Union of e-balls
occupies a small region of ‘H
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Number of Quantum Circuits

e M = |[finite gate set

1

@ K = number of qubits,
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Number of Quantum Circuits

e M = |finite gate set|,

@ K = number of qubits,

Ne = (MK?)K®

Total Number of Quantum States

K-qubits live on a 2% dimensional Hilbert Space.

Vol(K-qubit #) = v01< 52K+1_1) . Vol(cball) = Vd( 52K+1_2) |
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Number of Quantum Circuits

e M = |finite gate set|,

@ K = number of qubits,

Ne = (MK?)K®

Total Number of Quantum States

K-qubits live on a 2% dimensional Hilbert Space.

Vol(K-qubit #) = v01< 52K+1_1) . Vol(cball) = Vd( 52K+1_2) |

Vol(Physical States) N, - Vol(e-ball) K oK
= _ =0 (K € >
Vol(Total States) Vol(K-qubit H)

Srishti Nautiyal (Boston University) Hamiltonian Simulation today 18 /21



Significance

Physical Interpretation
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Physical Interpretation

@ Probability of a randomly chosen state on the Hilbert Space
0 K
to be e—close to a physical state ~ €2

@ Need doubly exponential time of evolution to reach a
randomly chosen state.

Quantum Randomness: No-go theorem

0)

~ i)
11)
Figure: States drawn from a
uniform probability measure

over H
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Physical Interpretation

@ Probability of a randomly chosen state on the Hilbert Space
0 K
to be e—close to a physical state ~ €2

@ Need doubly exponential time of evolution to reach a
randomly chosen state.

Quantum Randomness: No-go theorem

0)

It shows that Haar states are

mathematical, not physically ac-

1 S i) cessible, which in turn motivates
m the study of pseudorandomness
generation as a substitute for true

Figure: States drawn from a
Haar randomness.

uniform probability measure
over H
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Summary
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@ Any k-local bounded Hamiltonian with arbitrary time

dependence can be efficiently simulated
(gate complexity ~ poly(# qubits,T)).
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@ Any k-local bounded Hamiltonian with arbitrary time
dependence can be efficiently simulated
(gate complexity ~ poly(# qubits,T)).
e Decoupling Time Ordering
e Randomised sampling as opposed to previous deterministic
methods.
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@ Any k-local bounded Hamiltonian with arbitrary time
dependence can be efficiently simulated
(gate complexity ~ poly(# qubits,T)).
e Decoupling Time Ordering
e Randomised sampling as opposed to previous deterministic
methods.
@ Folklore Theorem: Most states on the Hilbert space are

physically inaccessible and thus do not represent naturally
occuring states.
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@ Any k-local bounded Hamiltonian with arbitrary time
dependence can be efficiently simulated
(gate complexity ~ poly(# qubits,T)).
e Decoupling Time Ordering
e Randomised sampling as opposed to previous deterministic
methods.
@ Folklore Theorem: Most states on the Hilbert space are
physically inaccessible and thus do not represent naturally
occuring states.

e Proved for dynamics generated by arbitrary k-local
Hamiltonians.
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Example

Article ' Open access = Published: 10 September 2025

Probing non-equilibrium topological orderona
quantum processor

M. Will, T. A. Cochran, E. Rosenberg, B. Jobst, N. M. Eassa, P. Roushan (3, M. Knap 9, A. Gammon-

Smith & & . Pollmann &1

Nature 645, 348-353 (2025) | Cite this article
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